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Abstract 

We analyze the existence or non-existence of Einstein metrics on 
4-nianifolds with non-trivial fundamental group and the relation with 
the differential structure considered. We conclude that for admissi- 
ble pairs (n, m) in a large region of the integer lattice, the manifold 
7T,CP^#r7iCP^ admits infinitely many non-equivalent free actions of fi- 
nite cyclic groups and there are no Einstein metrics which are group 
invariant. 

The main tools are Seiberg-Witten Theory, cyclic branched cover- 
ings of complex surfaces and symplectic surgeries. 

1 Introduction 

The classical obstructions to the existence of an Einstein metric on a four- 
manifold are topological. If (M, g) is a smooth, compact, oriented four- 
manifold, endowed with an Einstein metric g, then its Euler characteristic, 
x(M), must be non-negative and it satisfies the Hitchin-Thorpe Inequality: 

(2x±3r)(M)>0 (1) 

where r(M) is the signature of M. 

Using Seiberg-Witten equations, LeBrun |LeB961 fLeBOl] found obstruc- 
tions to the existence of Einstein metrics on a large class of manifolds for 
which the topological obstructions are satisfied. These obstructions provided 
the first means of exhibiting the strong dependence of the existence of Ein- 
stein metrics on the differential structure of the underlying four-manifold. 
Examples of pairs of homeomorphic, but not diffeomorphic, simply con- 
nected manifolds such that one manifold admits an Einstein metric while 
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the other does not, were first found by Kotschick [Kot98j . Later on, the ob- 
structions were improved by LeBrun (see |LeB01j ) and new examples were 
constructed. His main theorem is the following: 

Theorem 1.1. |LeB01| Let X be a compact oriented ^-manifold with a 
non-trivial Seiberg-Witten invariant and with (2% + 3r)(X) > 0. Then 

M = X#kCP^#l{S'^ X S^) 
does not admit Einstein metrics if k + 41 > |(2x + 3r)(X). 

In |IsLe02| . LeBrun and Ishida raised the question of the number of 
smooth structures of a topological 4-manifold for which no compatible Ein- 
stein metric exists. They show that there are infinitely many such structures. 

All known results are for simply-connected manifolds. In this paper we 
will analyze the case of non-simp ly connected manifolds. 

Our first theorem is about manifolds with arbitrary finite cyclic funda- 
mental group: 

Theorem 1.2. For any finite cyclic group Z/d7j,d > 1, there exist infinitely 
many pairs of compact oriented smooth 4^-manifolds (Zj, {Mj.j}j£N)ji=N, all 
having fundamental group 'LjdTL and satisfying: 

1. Fori fixed, any two manifolds in {Zi,Mij} are homeomorphic, hut no 
two are diffeomorphic to each other; 

2. Zi admits an Einstein metric, while no Mij admits an Einstein metric. 
Moreover their universal covers Zi and Mi^j satisfy: 

3. Mi J is diffeomorphic to nCP^#m,CP^, where n = and 
m = h2 {Zi); 

4- Zi and Mi J are not diffeomorphic, but become diffeomorphic after tak- 
ing the connected sum with one copy of CP^ . 

For suitable n, m on nCp2#mCF , n > 1, it was showed |IsLe02l 
IBrKoOS] that there are infinitely many distinct exotic structures for which 
no Einstein metric exists. But there is not much known about the canoni- 
cal smooth structure. In some cases, for manifolds yielded by constructions 
similar to the ones in the proof of Theorem 11.21 we can show that there are 
no Einstein metrics which are invariant under the action of TLjd'L. To be 
more precise, two of the examples with the smallest topology would be the 
following: 
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Proposition 1.3. On 15CP^#77CP^, there exists an involution a, acting 
freely on the manifold, such that 15CP^#77CP^ does not admit an Einstein 
metric invariant under the involution a. 

As we increase the degree of the action, the numerical invariants rise 
fast: 

Proposition 1.4. On 23CF^#116CP, there exists a free Z/3Z- action, 
such that 23CP^#116CP^ does not admit a invariant Einstein metric. 

For arbitrary n, m we can formulate a more general statement: 

Theorem 1.5. For any small e > there exists an N[e) > such that for 
any integer d>2 and any lattice point {n,m), satisfying: 

1. Hitchin Thorpe Inequality: n > 

2. admissibility condition: d/n,d/m 

3. n<{6- e)m - N{e) 

there exist infinitely many, non- equivalent, free Z/dZ— actions on X = 
(2m - l)Cp2#(10m - n - 1)CP2 ( i,e {2x + 3r)(X) = n, ^(X) = m). 
Moreover, there is no Einstein metric on X invariant under any of the 
Z/dZ— actions. 

One important ingredient in the proof of the above result is the ge- 
ography of almost completely decomposable symplectic manifolds, due to 
Braungardt and Kotschick |BrKo05j . 

The Z/dZ— actions are such that the quotient manifolds are homeomor- 
phic, but not diffeomorphic. The differential structures are distinguished by 
their Seiberg-Witten invariants. As a consequence of the non-triviality of 
these invariants any invariant constant scalar curvature metric on X must 
have non-positive constant. 

Remark The result in Theorem 1 1 . 5 1 holds for finite cyclic groups, and also 
for groups acting freely on the 3-dimensional sphere or for direct sums of 
the above groups. All one has to do is to substitute any of the above groups 
instead of Z/dZ in the proof of the theorem. □ 

In general, the existence or non-existence of Einstein metrics on an arbi- 
trary manifold is hard to prove. On the remaining part of this paper we will 
emphasize the non-existence of Einstein metrics on non-simply connected 
manifolds. 
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Theorem 1.6. Let G he any finitely presented group. There exists an infi- 
nite sequence of non-homeomorphic, non-spin A— manifolds Mi,i G N, with 
fundamental group G such that each Mi supports infinitely many distinct 
smooth structures Mij,j G N, which do not admit an Einstein metric. All 
Mi J satisfy Hitchin- Thorpe Inequality. 

The manifolds constructed in Theorems ll.2|1.6l are necessarily non-spin. 
However, using obstructions (Theorem D [IsLe03j ) induced by a non-trivial 
Bauer-Furuta invariant, one can also find examples of spin manifolds. 

Theorem 1.7. For any finite group G, there is an infinite family of spin 
A— manifolds Mi with fundamental group 7ri(Mj) = G such that each space 
has infinitely many, distinct smooth structures, which do not admit an Ein- 
stein metric. All these manifolds satisfy the Hitchin- Thorpe Inequality. 

In some cases, for a small fundamental group Z/dZ, some of the mani- 
folds constructed in the theorem support a differential structure which ad- 
mits a Kahler-Einstein metric, but most of the manifolds Mj don't support 
a complex structure. 

On simply connected spin manifolds it was proved that there are no Ein- 
stein metrics for some exotic smooth structures. We can prove non-existence 
of Z/dZ— invariant Einstein metrics for the canonical smooth structure on 
certain connected sums of iTS's and x S^'s. 

Theorem 1.8. There exists an no > such that for any d > uq the mani- 
folds: 

1. Mi,„ = d{n + b){K?,)i^{d{n + 7) - 1){S'^ x S"^) 

2. M2,n = d{2n + 5)(K3)#(d(2n + 6) - 1){S^ x S^) 

n E N*, admit infinitely many non- equivalent free "L/dlj actions, such 
that there is no Einstein metric on Mi^n^^2,n invariant under any of the 
Ij/ dT,— actions. 

The coefficients are chosen such that the topological invariants are di- 
visible by d. 

The paper is organized as follows: in Section [2] we review some back- 
ground results on the topology of 4— manifolds, in the third section we give 
a construction of manifolds of general which admit free Z/dZ actions and in 
Section [3] we give the proofs of the above theorems. 

Acknowledgments. I would like to thank my advisor Professor Claude 
LeBrun for suggesting this problem to me. 
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2 Background results on the topology of 4- 
manifolds 



2.1 Homeomorphism criteria 

A remarkable result of Freedman [Fre82] in conjunction with results of Don- 
aldson tells us that smooth compact, simply connected, oriented 4- manifolds 
are classified by their numerical invariants: Euler characteristic x, signature 
T and Stiefel- Whitney class W2- Maybe not as well-known are the results 
involving the classification of non- simply connected 4-manifolds ( [HaKr93] . 
Theorem C): 

Theorem 2.1 (Hambleton, Kreck). Let M he a smooth, closed, oriented, 
A-manifold with finite cyclic fundamental group. Then M is classified up 
to homeomorphism by the fundamental group, the intersection form on 
H2{M,'L) /Tors, and the W2-type. Moreover, any isometry of the intersec- 
tion form can he realized hy a homeomorphism. 

In contrast with simply connected manifolds, there are three i(;2-types 
that can be exhibited: (I) W2{M) / 0, (II) W2{M) = 0, and (III) W2{M) = 0, 
but W2{M) / 0. 

Using Donaldson's and Minkowski-Hasse's classification of the intersec- 
tion form we can reformulate this theorem on an easier form: 

Equivalently: A smooth, closed, oriented 4-manifold with finite cyclic 
fundamental group and indefinite intersection form is classified up to home- 
omorphism by the fundamental group, the numbers 5^, the parity of the 
intersection form and the ?i;2-type. 

We would like to draw the reader attention on the fact that in the 
presence of 2-torsion one must be careful to determine both the parity of 
the intersection form and the t(;2-type. There are known examples of non- 
spin manifolds with even intersection form, see for example D.Acosta and 
T.Lawson's paper. 

However, on a 4-manifold with finite fundamental group, knowing the 
invariants is equivalent to knowing any other two numerical invariants, 
for example the Euler characteristic x ^-iid signature r. 

2.2 Almost complete decomposability 

Freedman's results tell us that any non-spin simply connected 4-manifold is 
homeomorphic to aCP'^^^CP^, for appropriate positive integers a,h. Using 
non-triviality of the Seiberg-Witten invariants, infinitely many differential 
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structures can be exhibited on many manifolds which admit a smooth, sym- 
plectic structure. In the case of > 1, such manifolds are never diffeo- 
morphic to aCP^#6CP^ as the invariants of the later manifold vanish. One 
way of measuring how different the differential structures are, is by taking 
connected sum with a copy of CP^. In this case, the Seiberg-Witten invari- 
ants of both manifolds vanish by Taubes' theorem. Hence it is natural to 
introduce the following definitions, due to Mandelbaum and Moishezon: 

Definition 1. We say a smooth non-spin 4-manifold M is completely de- 
composable if it is diffeomorphic to a connected sum of CP^ 's and CP^ 's. 

Definition 2. We say M is almost completely decomposable (ACD) if 
M^^CP^ is completely decomposable. 

Almost completely decomposable manifolds are quite common. It has 
been conjectured by Mandelbaum |Ma80| that simply connected analytic 
surfaces are almost completely decomposable. In support of this conjecture 
he proved that any complex surface which is diffeomorphic to complete in- 
tersection of hypersurfaces in some CP^ is almost completely decomposable. 
And also: 

Proposition 2.2. |Ma80j Let X C CP'^ be a compact complex surface and 
suppose M — > X is an r-fold cyclic branched cover of X whose branch locus 
is homeomorphic to X H Hy, for some hypersurface Hr of degree r of CF'^ . 
Then if X is almost completely decomposable so is M. 

For a definition of a r-fold cyclic cover see the next section. 

Using iterated cyclic-covers of CP^ and symplectic surgeries, Braungardt 
and Kotschick, [BrKoOS] . were able to show the abundance of the ACD 
symplectic manifolds for fixed topological invariants: 

Theorem 2.3. |BrKo05] For every e > 0, there is a constant c(e) > such 
that every lattice point {x, y) in the first quadrant satisfying 

y < (9 — e)x — c(e) 

is realized by the Chern invariants {xh^c^) of infinitely many pairwise non- 
diffeomorphic simply connected minimal symplectic manifolds, all of which 
are almost completely decomposable. 
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3 A construction of surfaces of general type with 
finite cyclic fundamental group 



One technique which yields a large family of examples of complex manifolds 
is the construction of finite cyclic covers. 

For more details on the constructions presented in this chapter we re- 
fer the reader to [BPV84| for an algebraic geometric point of view, or to 
|GoSt99] for a more topological description. 

Definition 3. A (non-singular) d-fold branched cover consists of a triplet 
(XjYjTt), denoted by it : X ^Y, where X,Y are connected compact smooth 
complex manifold and n is a finite, generically d : 1, surjective, proper, 
holomorphic map. 

The critical set, R C X, is called the ramification divisor of vr and its 
image D = tt{R) is called the branch locus. For any point y ^ Y \ D there 
is a connected neighborhood Vy with the property that TT~^{Vy) consists of 
d disjoint subsets of X, each of which is mapped isomorphically onto Vy by 
vr. 

3.1 Cyclic covers 

One special class of covers are the cyclic covers. They are constructed as 
follows: 

Construction 1. : Let Y be a connected complex manifold and D an 
effective divisor on Y. Let 0{D) be the associated line bundle and sd G 
r(y, C'y(D)) the section vanishing exactly along D. Suppose we have a line 
bundle C on Y such that Oy{D) = C^'^. We denote by L the total space of 
C and we let p : L ^ Y be the bundle projection. If z ^ T(L,p*C) is the 
tautological section, then the zero divisor of p*S£) — z'^ defines an analytical 
subspace X in L. If D is a smooth divisor then X is smooth connected mani- 
fold and vr = p\x exhibits X as a d-fold ramified cover ofY with branch locus 
D. We call (X, y, vr) the d-cyclic cover ofY branch along D, determined by 
C. 

Given D and Y ^ X \s uniquely determined by a choice of C Hence X is 
uniquely defined if Pic{Y) has no torsion. 

A cyclic branched cover is a d-fold cover such that t^\x\r '■ X\R — > Y\D 
is a (regular) cyclic covering. Hence it is determined by an epimorphism 
7ri(y \ D) — > Zrf, and Y = XjTLd. Moreover, a cyclic d-cover is a Galois 
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covering, meaning that the function field embedding C{Y) C C{X) induced 
by TT is a Galois extension. 

The following lemmas give us the main relations between the two mani- 
folds: 

Lemma 3.1. |BPV84] Let n : X ^ Y be a d- cyclic cover of Y branched 
along a smooth divisor D and determined by C, where C'^'^ = Oy{D). Let R 
be the reduced divisor 7r^^(D) on X. Then: 

(i) Ox{R) = 

(ii) 7r*[D] = d\R\, in 'particular d is the branching order along R; 

(iii) JCx = tt*{JCy®/:'^-^). 

As an immediate consequence, we are able to compute the relations be- 
tween the topological invariants of X and Y in the case of complex surfaces: 

Lemma 3.2. Let X,Y complex surfaces and tt : X ^ Y be as in Lemma 
CO Then: 

(i) C2{X) = dc2{Y) - {d - l)x{Dy, 

(ii) cj{X)=d{ci{Y)-{d-l)ci{C)f 

In a more general set-up, we can define a d-cyclic branch cover ir : X ^Y 
branched along a divisor with simple normal crossing singularities and Y 
smooth manifold. In this case, X will be a normal complex surface ( |BPV84] 
1.17.) with singularities over the singular points of D. Let U C Y he a 
neighborhood of a singular point of D and (x, y) local coordinates such that 
D is defined by the equation xy = 0. Then 7r^^(0) is an isolated singularity 
of X and an open neighborhood of -7r'^^(0) € 7r~^(C/) C X is modelled in 
local coordinates by z'^ = xy C C'^ . This type of singularity is known as an 
j4(^— singularity. There are two techniques to associate a smooth manifold 
to X. One is given by resolving the singularities, the second is smoothing. 

Given a normal surface X there is always a bi-meromorphic map n : 
X' ^ X, with X' smooth. Moreover, if we require that X' is a minimal 
surface, then X' is uniquely determined by X (see for instance [BPV84] 
III Theorems 6.1, 6.2). tt : X' ^ X is called the minimal resolution of 
singularities of X. 

Definition 4. A smoothing of a normal surface X is a proper flat map 
/ : A' — > A, smooth over A* = A \ where: X is a three dimensional 
complex manifold, A is a small open disk in C centered at 0, /^^(O) is 
isomorphic to X and f^^{t),t ^ smooth. 
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If t,t' € A* then / ^{t) is diffeomorphic to / ^{t'). In the case of cychc 
branced coveringgs, a stronger result is true: 

Proposition 3.3. Ifn'.X^Yisa d— cyclic cover branched along a divisor 
D with simple normal crossing singularities, such that the linear system 
F(^H^{Y,0{D))^ is base point free. Then, there is a smoothing tu : — > A 
of X and the generic fiber Xt = zu~^{t) is diffeomorphic to the minimal 
resolution X' of X. 

Proof. We will give the complete proof for double covers and then argue 
using the properties of local deformations of singularities |HKK86j that 
the same is true in general. 

First, we remark that X has a finite number of singular points, corre- 
sponding to the singular points of D. Resolving these singularities is a local 
process. The singularity, modeled by (z^ = xy) C C^, is a quotient singu- 
larity. It is isomorphic to C^/Z2, where the action is just multiplication 
by ( — 1). The isomorphism is given by the map: 

C^/Z2 — t/, (u, f) 1-^ {u'^,v^,uv) = {x,y,z). 

Hence, it is enough to resolve the singularities of type C^/Z2. A resolution 
of this singularity is given by blowing-up the origin of extending the Z2 
action trivially on the exceptional divisor and then considering the new quo- 
tient space. The total space of the blow-up of is, in fact, the line bundle 
C'cpi(— 1), and factoring by the above Z2 action corresponds to squaring 
(tensor product) the line bundle. The resulting manifold, after taking the 
quotient, is Ocpi(— 2). So, we resolved the singularities of X by introducing 
exceptional divisors of self-intersection (—2). 

Next, we explicitly construct a smoothing of X. The idea is smoothing 
the branch locus in a family of smooth curves and constructing the cor- 
responding double-covers. As the linear system F{H°(Y,0{D))) is base 
point free, so there exists a holomorphic path of sections of 0{D) and 
a parametrization of this path given by : A — > T{Y^O{D)) such that 
</j(0) = ipD and d^\Q si^gjj 7^ 0. The last condition just says that the 
parametrization is "nice", i.e. the curve ip{t) = 0, t 7^ 0, doesn't contain 
any of the singularities of D. Maybe after restricting A, we can also assume 
that ip{t) = ipt,t 7^ corresponds to a smooth divisor. 

Let X C C X A given locally by the equation z"^ — (p[t){x,y) = 0, where 
£ ^ y is a line bundle such that = 0{D) and z is a local coordinate on 
C. Then tz7 : A' — > A is a smoothing of X = vj~^{0). First, let's notice that 
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X is a smooth manifold as: 

d{z^-ip{t){x,y)) = 2zdz-{^ip{t){x,y))dt-{^{x,y)dx+'^{x,y)dy^ 7^0 

This is never zero as for t ^ the section ipt is smooth, hence the last 
parenthesis is non-zero and for t = we have ^ |o,SmgZ)/ and + 

^) \o,D\SingD¥' 0- 

As an immediate consequence of Theorem 9.11 in jHar77| the morphism 
w is flat. 

The fact that the two constructions yield diffeomorphic manifolds is a 
local statement about the differential structures of the new manifolds in 
a neighborhood of the singularities. So, our proof is in local coordinates. 
Because the morphism is a submersion away from the central fiber it is 
enough to show that one of the fibers is diffeomorphic to X' . 

In local coordinates the singularities are given by the equation 

(z^ -xy = 0)c C^. 

Because the linear system associated to 0{D) is base point free, then the 
zero locus of a generic section is smooth. We can consider preferred local 
coordinates such that the smoothing is given by {z^ — xy = 1) <Z . li we 
change the local coordinates (x, y, z) — s- {u, v, z), such that x = iu — v, y = 
iu + v then the smoothing is written in the canonical form (z'^ +u'^ + v'^ = 1). 
Let ^ = Re{u,v, z), rj = Im{u,v, z), ^,7/ € the real, imaginary part, of 
(u, V, z). Then: 

Xi = { (u, v,z) eC^ \ z'^ + u'^ + = 1} 

= { ??) G ffi^ X M3 I II ^ ||2 _ II ^ ||2^ 1, < ^, ?7 >= }. 

The map f : Xi ^ T*S^ C x defined by f{C,r]) = || ^ || rj) is a 
orientation preserving diffeomorphism. It is a well known fact that T*S'^ is 
diffeomorphic to C'cpi(— 2), where CP^ is identified to the sphere 5^. 

To prove the result for a d— cyclic cover, the extra ingredient needed is 
that the local smoothing of the singularities is diffeomorphic to its resolution. 
For singularities of type z'^ = xy, or type A^-i, the required diffeomorphism 
is proved by Harer, Kas and Kirby, |HKK86j . by using topological Kirby 
calculus. □ 

A similar statement is true for double covers branched along a divisor 
D with simple singularities, i.e. the singularities are double or triple points 
with two, three different tangents or simple triple points with one tangent. 
The double cover branched along such a divisor has A — D — E singularities. 
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respectively. We call these singularities rational double points. It can be 
proved |HKK86j that for these singularities, and only for these singularities, 
the resolution and smoothing manifolds are diffeomorphic. 

Next we want to study the fundamental group of our manifolds. We 
need to introduce a new definition: 

Definition 5. A smooth divisor D is said to be flexible if there exists a 
divisor D' = D such that Df^D' ^ and D' intersects D transversally in 
codimension 2. 

We remark that if D is a flexible divisor then it must be connected. 
Then, reformulating Catanese's Proposition 1.8 from [Cat84) in our easy 
situation, we have: 

Proposition 3.4. |Cat84| Let tt : X ^ Y a d-cyclic cover branched along 
a smooth flexible divisor D, then if Y is simply connected so is X. 

Let's notice that if the branch locus is not flexible then the covering 
manifold might not be simply connected: consider for example the double 
cover of CP^ x CP^ branched along four vertical CP^. 

3.2 Bi-cyclic covers of CP^ x CP^ 

In this section we introduce a new construction which we are going to call 
the simple bi-cyclic cover of CP^ x CP^. Then, we study the analytical 
and topological properties of this class of manifolds. They are inspired 
by a construction due to Catanese. In his papers |Cat84j . |Cat92j . etc, 
he extensively studies two successive double covers of CP^ x CP^. For our 
purposes we need to consider cyclic covers of arbitrary degrees. We have 
the following construction: 

Construction 2. Let C, D be two smooth transversal curves in CF^ x CP^ 
such that the line bundles 0{C),0{D) are d, p-tensor powers of some line 
bundles on CF^ x CP^. We construct a new manifold N by taking: first the 
d-cyclic cover of CP^ x CP"*^ branched along C , which we denote by X, and 
then the p- cyclic cover of this manifold branched along the proper transform 
of D. We have the following diagram: 

N ^X ^CF'^ X CP^ 

It can easily be checked that if C, D are smooth and intersect transversally, 
then both X and N are smooth. We call the manifold N a (simple) bi-cyclic 
cover of CP^ X CP^ of type {d,p) branched along {C,D). 
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Let vri,7r2 : CP x CP CP be the projections on the first, sec- 
ond factor, respectively. The hne bundles on CPi X CPi are of the form 
7r*(Ocpi(a)) 7r2(C'cpi (6)), which we denote by OcpixCpi(o, 6) or simply 
0(a,6). With this notations, 0{C) = 0{da,db) and 0{D) = 0{pm,pn) 
where a,b,m,n are non-negative integers. Let ipc G T{0{C)) and ipD G 
r{0{D)) such that C = {ipc = 0} and D = {ipo = 0}. Let E be the total 
space of f = OcpixCpi(o, © OcpixCPi("'-5''^) vr : £' — > CP^ x CP-^. 
Then the manifold can also be seen as a smooth compact submanifold 
of E. If (z, w) S r(£', Tr*£) is the tautological section, then N is defined by 
the following equations {z'^ — TT*ipc = 0, — iT*ipD = 0}. As an immediate 
consequence we obtain that Construction [2] is commutative, i.e. we obtain 
the manifold also as the type {p, d) bi-cyclic cover of CP^ x CP^ branched 
along {D,C). 

Let vr be the projection from N to CP"*^ x CP^ induced by the fibra- 
tion projection. Using Lemma 13.21 we can easily compute the topological 
invariants of A^. 

Lemma 3.5. Let tt : N ^ CP^ x CP^ be a bi-cyclic cover as above. Then: 

(i) Kn = tt*(o(^ {d-l)a + {p-l)m-2 , (d - 1)6 + (p - l)n - 2)) ; 

(ii) // (d — l)a + (p — l)m > 3 and {d — 1)6 + (p — 1)?^- > 3 then is an 
ample line bundle; 

(iii) cl{N) = 2pd[{d - l)a + {p - l)m - 2) {{d - 1)6 + [p - l)n - 2) ; 

(iv) C2{N) = pd[A - 2{d - l)(a + b- dab) - 2{p - l){m + n - pmn) + 
{p — l){d — l)(an -|- 6m)]. 

Proof. The proof of (i,iii,iv) is an immediate consequence of Lemmas l3.H 13.21 
The extra ingredients that need to be computed are the Euler characteristics 
of the branch loci C, D, xiC) = 2d{{a+b) — dab) , xiD) = 2p{{in+n) —pmn), 
and D' C X the proper transform of D. D' is a d— cover of D branched on 
card(CnZ)) = dp{an + bm) points. Then: x{D') = dx{D) - {d- 1){C ■ D) = 
pd{2{m -\-n — pmn) — [d — l)[an + bm)). 

K]\[ is the pull-back of an ample line bundle through a finite map hence, 
see |Har77j . Kn is ample. □ 

Next we analyze the topological properties of our manifolds. 

Lemma 3.6. If n : N ^ CP^ x CP^ be a bi-cyclic cover as above and 
a, 6, m, n are strictly positive integers, then N is simply connected. 
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Proof. If a, b, m, n are strictly positive integers, then the divisors C, D are 
flexible divisors and applying Proposition 13.41 twice gives us that the mani- 
fold N is simply connected. □ 



As is a Kahler manifold it has non-trivial Seiberg-Witten invariants. 
Hence it does not decompose as connected sums of CP^'s and CP^'s. At 
most we can hope that it will decompose after taking the connected sum 
with a copy of CP^. We have a more general statement: 

Theorem 3.7. Iterated cyclic covers o/CP"*^ x CP"*^ branched along smooth, 
flexible curves, such that any two curves intersect transver sally, are almost 
completely decomposable. 

Proof. We prove the theorem by double induction on the number of cov- 
ers and the degree of the last cover. First we show that the d-cover 
■K2 '■ X ^ CP^ X CP^ branched along C is almost completely decompos- 
able. Let ip(^a,b) ■■ CP^ X CP^ CP^, where P = {a + l){b + 1) - 1, be the 
Segre-type embedding, and \pij\ be homogeneous coordinates on CP^ corre- 
sponding to (a, 5)-bi-homogeneous monomials. Then if ^pc is the bi-degree 
{da, db) polynomial whose zero locus is C, then ipc = y'^^ i,-){f{Pij)), where / 
is a degree d polynomial. Hence, by Proposition 12.21 X is almost completely 
decomposable. 

We need one more ingredient. The following lemma is proved in 
|MaMo80| : 

Lemma 3.8. ( [MaMoSnj . 3.4) Suppose W is a compact complex 3-manifold 
and V, Xi,X2 are closed simply- connected complex submanifolds with normal 
crossing in W. Let S = Xif]X2 and C = V f]S. Suppose as divisors V is 
linearly equivalent to Xi + X2 and that C 7^ 0. Set n = card C and g be the 
genus of S. Then we have the diffeomorphism: 

V # CF^^Xi # X2# 2g CP2 # {2g + n - 1)CP2. 

For the last step of induction, let tt2 ■ X ^ CP^ x CP"*^ be an iter- 
ated cyclic cover and let vri : N ^ X be the p-cyclic cover branched 
along D' = TT2^{D). Then 0{D') = 7r2{0£piy^£pi{pm,pn)) and let C = 
7r2(C'cpixCPi(^) n)). Assuming the notations from Construction [H there ex- 
ists a tautological section z € T{L,p*{C)) such that N C L is the zero locus 
of zP - p*{ipD') e T{L,p*{C®P)). We can compactify LioW = W{C® Ox) 
by adding a divisor Woo = W \ L. Then p' : W ^ X is a, CP^-bundle 
and we can try to extend the section 2: to a section in T{W,p'*{C)). As 
p'*{C) restricts on the fiber to the trivial line bundle and z has a zero 
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at the origin of L — > X then this section will have a pole of multiplic- 
ity one along Woo- To adjust to this problem we consider the section 
z' G r{W,p'*{C) 0{Woo)), z' = z ■ (fWoo- Let (fWoo = Voo- Then z' has no 
zero along Wqo and rescales the values of z outside Woo- Hence, our manifold 
N is the zero locus ( z'^ — p'*{(Pd) • V^oo = ). 

Let Di,D2 be two smooth curves on CP^ x CP\ such that 0{Di) = 
0(771, n), 0(1)2) = 0((p — l)m, (p — l)n) and which are transversal to each 
other and to the branch loci which where considered in the construction of 
X and such that none of the intersection points of Di,D2 lie on the previous 
branch loci. 

Then p'~^{Di) = D[, i = 1,2 are smooth curves on X transversal to 
each other and D[ + D2 is linearly equivalent to D' . Let 

Xi = {z' -p'*{ipD,)-Voo = 0) 

X2 = {z'P-^-p'*{^D,)-^P-' = 0) 

We remark that Xi is a cover of X of degree one, hence it is diffeomorphic 
to X, while X2 is a (p — 1)— cyclic cover of X- Then N,Xi,X2 verify the 
requirements in the lemma so: 

iV # CP^ ^ X # X2# rCp2 # sCP, for suitable r, s. 

UR = ((^g;^ - ipD^ = 0) C X CFK Then Xif]X2 = S= {tt2 p')-^{R) 
is an iterated cover of R. After taking the first branch cover we obtain a 
curve which is the d— cover of R branched at i? • C = dam + dhn points, so 
its Euler characteristic is d x{R) — {d— l)d{am + bn) < 0. Hence genus of S 
is strictly greater than zero, i.e. r > 1. 

If p = 2 then both Xi^2 are diffeomorphic to X hence almost completely 
decomposable, which implies almost completely decomposable by Lemma 
13. 8[ The induction on degree of the cover finishes the proof. □ 

3.3 Free actions of the finite cyclic group 

On the remaining part of this section we give a recipe for construct- 
ing complex surfaces of general type with fundamental group isomorphic 
to 'LjdTL- They are quotients of a free "L/dTj action on bi-cyclic covers 
vr : ^ CPi xCP^ of type (p, d). We construct the action of Z/dZ exphcitly. 

First we consider actions on an arbitrary line bundle 0(a, 6). 
Let X = [xq : xi],y = [yo : yi] be homogeneous coordinates on CP^ x CP^. 
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We want to consider the action of Z,^ =< e ^ > on CP^ x CP^ generated 
by: 

* {[xo : xi], [yo : j/i]) = ([e^xo : xi], [e^yo : yi]). 
This action has four fixed points: 

([0:1], [0:1]), ([0:1], [1:0]), ([1:0], [0:1]), ([1 : 0], [1 : 0]). 

Let Uq = {[1 : xi]|xi G C} and Ui = {[xq : l]|xo G C} be charts of 
CP^. Then the charts Uq x Uq,Uq x Ui,Ui x Uo,U\ x Ui form an atlas of 
CP^ x CP^. The Une bundle 0(a, h) restricted to each of these charts admits 
a trivialization. Let zqq,zq\,z\q,z\\ be the corresponding coordinates on 
each trivialization. 

On the chart C/i x C/i x C, we let the =< e~ > action be generated 

by: 

* ([xo : xi], [yo : yi],2:ii) {[e^xo : xi], [e^yo : yi],e^zu) 

Using the change of coordinates, the above action is generated in the other 
charts by: 

27ri(d-l) 2tH 27ri(l+a) 

{xi,yo,zoi) ^ [e d xi, e d yo, e d zqi); 



on Uq x Ui 
on Ui X Uo 
on Uq X Uq 

Hence, we have the following lemma: 



2Tvi(d-l) 2Tvi(l+b) 

e d Xo, e d y^, e d zio); 



{xo,yi,zio) 

27rz(d-l) 2TTi{d-l) 27ri(l + a + 6) 

{xi,yi,zoo) {e d xi, e d y^, e d zoo) 



Lemma 3.9. If each of the integers a + 1, 6+1, a + b+1 is relatively prime 
to d, then the above action ofL/dL on 0{a,b) is semi-free with four fixed 
points on the 0— section. 

Wc can also consider a weighted action of which is defined on Ui x 
C/i X C as follows: * (xq, yo, zn) (e~3"xo, e^~d~yO) e~d~zii). This action 
extends on the other coordinate charts as: 

{x\,yo,zoi) ^ {e d xi, e d y^^ e d zoi); 



on Uq X Ui 
on Ui X Uo 
on Uq X Uo 

We have a similar lemma: 



27H 2vi(d-2) 27ri(l+2!)) 

(a::o, 2/1, 2^10 ) ^ (e <^ a^o, e d y^, e d ^iq); 

27ri(d-l) 27ri(d-2) 27ri(l+a+26) 

(xi,yi,2;oo) ^ (e d XX, e d y^, e d zqo). 
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Lemma 3.10. // each of the integers a + 1, 26+1, a + 2b + 1 is relatively 
prime to d, then the above action ofl^/dl^ on 0{a,b) outside the four points 
on the 0— section is free. 

Requiring that a smooth flexible divisor D C CP^ x CP^ be invariant 
under the first TLjd'L action is equivalent to c/J^i = is 'LjdTL invariant. But 
we need a stronger condition, we need to consider divisors D such that 
is a Z/dZ invariant polynomial. Then ^j^) is a 

bi-homogeneous polynomial of bi-degrees divisible by d. So, there are 
strictly positive integers (a, 6) such that = 0{da,db) and 

i=0,a i=0,da J 

j=OJ^ i<dj<db+i 

for some complex coefficients aij,bij. The linear system of Z/dZ— invariant 
sections of 0{da,db) is base point free, hence by Bertini's Theorem the 
generic section is smooth, and we can choose D such that none of the four 
points are on D. Hence Z/dZ acts freely on D. 

If we consider the weighted action then the class of Z/dZ— invariant 
divisors might be larger then the one described above (if d even). But this 
is not important from our point of interest. 

Let N' CP^ X CP^ a d-cyclic cover branched along D with 0{D) = 
0{da, db) and such that ip£) is Z/dZ— invariant. Then N' is a submanifold in 
0{a, b) and the Z/dZ-action on C(a, b) restricts to N' . Moreover, if D does 
not contain any of the fixed four points and the conditions in the Lemma 
13.91 are satisfied, then Z/dZ acts freely on N' . 

Unfortunately, for what we need, the above construction is not good 
enough and we will need to consider bi-cyclic covers. 

Now, we are ready to construct our examples: 

Proposition 3.11. Let C,D smooth, flexible, transversal divisors on CF^ x 
CP"*^ such that both and ipc are invariant under the Z/dZ action and 
Ij/dX, acts freely on D. Let a,b,m,n be positive integers such that 0{D) = 
0{da,db),0{C) = 0{pdm,pdn), and d is relatively prime to each of the 
integers a + l,6 + l,o + 6+ l. Then, the bi-cyclic cover tt : — > CP"^ x CP"*^ 
of type {d,p) branched along {D,C) admits a free Z/dZ action. The quotient 
M = A^/(Z/dZ) has the following properties: 

(i) M is a smooth complex surface, with fundamental group ■ki{M) = 
Z/dZ; 
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(ii) Km is an ample line bundle if {d—l)a + d(j) — l)m > 2 and (d — 1)6 + 
d{p - l)n > 2; 

(iii) cf (M) = 2p(^{d - l)o + d{p - l)m - 2^ (^{d - l)b + d{p - l)n - 2^ ; 

(iv) C2(M) = p[4 - 2{d - l){a + b - dab) - 2d{p - l){m + n - pdmn) + 
2{d-l)d{p-l){an + bm)]. 

Proof. First, we need to define the Z/dZ action on A*". The action that we 
want to consider is the trivial extension of the action on 0(a, b) to an action 
on 0{a,b) © 0{dm,dn). The conditions from the theorem imply that the 
action restricts to as a free holomorphic action. Its quotient is a smooth 
complex surface, with fundamental group 7ri(M) = Z/dZ. The numerical 
invariants of are described by Lemma [3.51 The invariants of M are related 
to those ofA^ by the following relations: C2(M) = 2'^2iN), cf(M) = ^cf(A^). 
The computations in (iii,iv) are immediate. 

By Lemma l3.5( K]\f is ample which implies |Har77j that so is Km- D 

If X is a complex surface and Ox the structure sheaf of X then we 
denote by Xhi^) = xl^^C'x) its holomorphic Euler characteristic. Todd- 
Hirzebruch formula tells us that this is the same as the Todd genus of our 
manifold X. It can be easily computed |BPV84j in terms of the Chern 
invariants as Xh{X) = '^^^^^^^^^^^ = i^ill^^), Qn manifolds with finite 
fundamental group any two numerical invariants completely determine the 
others. Because the holomorphic Euler characteristic is constant under the 
blow-up process we prefer to use this invariant instead of the Euler charac- 
teristic. The conditions that d and a + l,6 + l,a + 6 + l are relatively prime 
integers imply that XhiM) is an integer number, as expected. 

The techniques developed in this section allow us to construct a family 
of manifolds with special topological properties: 

Proposition 3.12. Given any integer d > 2, there are infinitely many com- 
plex surfaces of general type, {Zjjjgp^, with ample canonical line bundle, such 
that their fundamental groups 7ri(Zj) = Z/dZ, they have W2 — type I, odd 
intersection form, and c\{Zi) < bxhi^i)- Moreover, their universal covers 
are almost completely decomposable manifolds. 

Proof. We need to consider two cases, determined by the parity of d. 

For d odd we have the following construction: Let M{d\ a, 6, m, n) the 
manifold constructed in Proposition 13 . 1 ll as a Z^-quotient of a bi-cyclic cover 
of X CP^ of type (d, 2), branched along (D, C) with 0{D) = 0{da, db), 
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0{C) = {2dm,2dn). Let Zi = M{d;d,d,i,i). As d + l,2d+l are relatively 
prime to d, the conditions in Proposition 13.111 are satisfied. An easy com- 
putation of the numerical invariants of Zi yields: 

• cf (Zi) = 4(d(d -l) + di- 2)2; 

• Xh{Zi) = y^{d - l){2d - 1) + d{d - l){di - 1) + d^i^ - 2di + 2. 

We can compute the signature in terms of these invariants as 
T{Zi) = {—Sxh + cf)(Zi). Rohlin's Theorem states that on a spin manifold 
we have the following relation: r = mod 16. For i odd, c\{Zi) ^ mod 8, 
hence T{Zi) ^ mod 8. If d odd, then the first homotopy has no 2— torsion 
hence Zi non-spin implies odd intersection form ( |Gom95] 5.7.6). Its uni- 
versal cover Zi has signature r(Zj) = dT{Zi), so for d,i odd numbers 
T{Zi) 7^ mod 16. Hence Zi is of W2-type (I) and odd intersection form. 
As i increases, ^{Zi) approaches = 4. 

In the case d even the above arguments do not work as T(Zj) = mod 16. 
We need a different construction. The idea is, though, the same. Let 
vr : N{d; a, h, m, m) CP-*^ x CP-"^ be a bi-cyclic cover of type (d, 3) 
branched along {D,C) with 0{D) = {da,db), 0{C) = (3dm, 3dm) and 
such that D intersects C transversally. To simplify the notation we use 
N = N(d; a, b, m, m) whenever we want to prove a general statement about 
the whole class of manifolds. Lemma [33] tells us that the canonical line bun- 
dle is Kn = 7r*{0{{d-l)a+2dm-2, {d-l)b+2dm-2)), hence is a surface 
of general type, with ample canonical line bundle if {d — l)a + 2m — 2 > 0, 
{d — 1)6 -|- 2m — 2 > 0. Using Lemma 13.61 we can also conclude that N is 
simply connected. 

We want A^ to be non-spin. We show that this is true if d even and b 
odd, by finding a class [A] G H2{N, Z) such that [A] ■ W2iN) 7^ mod 2. We 
construct N in two steps: 

AT ^ X ^ CP^ X CP^ 

where first we consider a 3-cyclic cover of CPi X CP^ branched along C, and 
then a d-cyclic cover branched along tt^^{D), the proper transform of D. 

We construct a 1-parameter family of deformations of N in the following 
way. Let D' = AU B C CP^ x CP^ such that A = {pt} x CP^ S a 
smooth curve of bi-degree {da — l,db), and such that A,B,C,D intersect 
transversally at all points. Let Nq be the d— cover of X branched along 
TT^^{D'). This is singular surface, with Afi_i—type singularities. To resolve 
these singularities we introduce strings of exceptional divisors, which we 
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denote by Ej. We denote the minimal resolution of A'^o by A^'. Proposition 
13.31 tells us that N' is a complex surface diffeomorphic to N. 
We have the following diagram: 

Let A" C A^' be the proper transform of A' = (vri o ir^y^iA) C Nq. 
Lemma |3. II tells us that: 

0{A") = i(7ri o o 7ro)*(0(l, 0)) + Ea^^i, G Q, a, < 

Kn, = (vTi o vr^ o 7ro)*(0((d - l)a + 2dm -2,{d- 1)6 + 2dm - 2)) 
Kn' ■ A" = ci((7ri o7r2 O7ro)*(0((d- l)a + 2dm -2, (d- l)6 + 2(im - 2)))u 

ci (^K o vr^ o vro)* (0(1, 0)) + Sa.^^) 

= i3dci - l)a + 2dm -2,{d- 1)6 + 2(im - 2))) U ci(C(l, 0)) 

= 3((d- 1)6 + 2dm - 2) 
= 1 mod 2 if 6 odd, d even 

Hence A^' is non-spin, and so is A'^. 

Let d = 2'^d' , d' € N odd be the decomposition of d. 
We want to consider the manifolds: 

Ni = N{d;2d\d\i,i) C 0„i^„,{2d' J) ® 0„i^„^{di,d€) if d' + 1, 

and A^i = Af (d; 6, 3, i, i) if d = 2^. 

On these manifolds, we can define a weighted Z/dZ action as in Lemma [3. 101 
where we extend the action trivially on the second factor. For this action 
to be well-defined we need lpb and ^pc to be invariant under the induced 
action on CP"*^ x CP"*^. Such curves always exist. Moreover, we can choose 
D^C such that Z/dZ acts freely on them. The conditions in the Lemma 
13.101 are automatically satisfied by our choice of degrees. 

Let Zi = NijiTLjdT^. Zi is complex surface of general type, with ample 
canonical line bundle, finite fundamental group '7Ti{Zi) = Z/dZ and of W2- 
type (I). Its numerical invariants can be computed using Lemma 13.51 to be: 
cl{Zi) = 6{2{d - l)d' + 2i-2) {{d - l)d' + 2i-2); 
C2{Zi) = 3[4 - 2{d - l){3d' - 2d'^d) - 4{2i - Sf ) + 3{d - l)d'i]; 
T{Zi) = \{cl- 2c2){Zi) = -6{d - l)d'i mod 4. 
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For the special case d = 2^ the numerical invariants are computed by the 
same formulas, for d! = 3. 

^From the last relation we see that if i is odd, then T{Zi) ^ mod 8 
hence the intersection form is odd. 

We take Zj to be the subsequence indexed by odd coefficients. 

As i increases, ^{Zi) = -^^{Zi) approaches 6.4j+3^f2»^ = ¥ = 

Hence considering both cases, d odd or even, there is a constant uq > 
such that for any i > no we have cf(Zi) < 5xh{Zi). We will re- index our 
sequence starting from Z„q. 

Moreover, the universal covers of Zi are almost completely decomposable 
as they are bi-cyclic covers of CP^ x CP^ (Theorem 13. 7p . □ 



4 Proofs of Theorems 

As stated in introduction, in Theorem II. 2[ for any finite cyclic fundamental 
group we construct infinitely many classes of manifolds such that each class 
supports a differential structure that admits an Einstein metric and infinitely 
many other differential structures which do not admit any Einstein metrics. 
Moreover some the properties of their universal covers are given. We will 
give here the proof of the Theorem 11.21 

Proof of Theorem The manifolds Zi are the ones given by Proposition 
13.121 They are complex surfaces of general type with ample canonical line 
bundle. Hence, Aubin-Yau's Theorem on Calabi Conjecture. |Yau77] . tells 
us that these manifolds admit Kahler-Einstein metrics. Moreover, they have 
odd intersection form and 7i'2-type (I). 

By Theorem 12.31 there exist a constant ni > such that for any lattice 
point (x, y) in the first quadrant verifying x > ni, y < 8.5x there exists a in- 
finite family of homeomorphic, non-diffeomorphic simply connected minimal 

symplectic manifolds Mj such that y = cf(Mj), x = Xh{Mj) = ^ — 
Eventually after truncating and relabeling the sequence Zi, we can construct 
Mj'^-, i,j G N, a family of simply connected symplectic manifolds satisfying: 

1. for fixed i, M-j are homeomorphic, but no two are diffeomorphic; 

2. XhiMlj) = Xh{Z^) for any j eN- 

3. ci{Mi.)>8xh{Mlj); 

4. cliZi) < 5xh{Zi). 
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Let Sd be the rational homology sphere with fundamental group iTi{Sd) = 
Z/dZ and universal cover - 1)S'2 X S'2, as constructed in jUe96] . 
The manifolds Mij are constructed as: 

Mij = Mlj#Sd#kCF^, where k = cf (M(^.) - cj{Zi). 

We remark that by Theorem 1 [KMT95j the manifolds M'- -i^Sd are not 
symplectic, but they have non-trivial Seiberg-Witten invariant. We abuse 
our notation, and we use Xhi^ij) instead of ^^(Mjj) and c\{Mi^j) = 
(2x + 3r)(Mij). 

For fixed i the manifolds Zi and Mij are all of u;2-type (I), with odd 
intersection form, fundamental group tti = Z/dZ and have the same numeri- 
cal invariants: Todd-genus and Euler characteristic. Hence by Theorem 12. 11 
these manifolds are homeomorphic. 

In the construction theorem for M'- ■ the differential structures were dis- 
tinguished by different Seiberg-Witten basic classes. After taking the con- 
nected sum with CP-^'s and Sd-, and using Theorem 1 |KMT95] we see that 
the Seiberg-Witten basic classes remain different. Hence the manifolds Mjj 
are not diffeomorphic to one another. 

An estimate of the number k of copies of CP^ is given by: 
k = cliMi^j) - c\{Zi) > 8xh{Zi) - bXh{Zi) = 2,Xh{Zi) = 3xh(Mi,,) We also 
know that the manifolds are under the Bogomolov-Miyaoka-Yau line, which 
implies: Xh{Mij) > ^cf(M,j). 
Hence A; > ic?(Mij) = i(2x + 3r)(Mij). 

Then Theorem 11.11 implies that Mij does not admit any Einstein metric. 
As a consequence we also get that Zi and Mij are not diffeomorphic. 

For the results from the second part of the theorem we have to look 
at the universal covers Zi, and Mij respectively. From our construction, 
the universal cover of Zi is a simply connected minimal complex surface of 
general type. It can not be diffeomorphic to connected sums of CP^ 's and 
CP^'s as it has non-trivial Seiberg-Witten invariants, but Theorem 13.71 tells 
us that after connected sum with one copy of CP^ it decomposes completely. 

The universal cover of Sd is diffeomorphic to {d — 1)(S'^ x 5^), hence the 
manifold M^j ^ dMlj#dkCF^#{d - 1){S'^ x S^). But {S^ x S^)ifCF^ is 
the complex surface CP^ x CP^ blown-up at one point, which can also be 
presented as CP2#2CP2. So: 

M^j = dMlj#dkCF^#{d-l)S^ xS^ = dMlj#{d- l)CF^#{dk + d-l)CF^. 

The manifolds M- j are almost completely decomposable, hence Mij is dif- 
feomorphic to the connected sums of a number of CP^'s and CP^'s. □ 
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Proof of Proposition \1.3l Let N be the double cover of CP^ branched along a 
smooth divisor D, such that 0{D) = C'cp2 (8). Then is a simply connected, 
almost completely decomposable surface of general type and by Lemma 13.21 
its numerical invariants are: 

C2{N) = 46, cl{N) = 2, t{N) = -30. 

Hence 6^ = 7 and 63 = 37. By Theorem O the manifold M = iV#CP2#52 
does not admit any Einstein metric. 

Let M be the universal cover of M. Then we have the following diffeo- 
morphisms: 

M ^ 2iV#2CP2#(S'2 X S^) ^ 2iV#Cp2#3CP2 ^ l5Cp2#77CP2. 

As M does not admit any Einstein metrics this implies that M does not 
admit any Einstein metrics invariant under the covering involution a. □ 

Proof of Proposition [77^ Let M' = N^CF'^^S^, where the manifold is 
the same as in the proof of the previous proposition and Ss is a rational 
sphere. 

Then the universal cover M' is diffeomorphic to 

M' ^ 3iV#3CP2#2(S'^ X S^) ^ 3iV#2Cp2#5CP2 ^ 23Cp2#116CP2. 

□ 

We can combine the idea of the above propositions with the geography of 
almost completely decomosable symplectic manifolds 12.31 to proof a general 
result: 

Proof of Theorem \1.5[ Let e > be a small positive number. 

Theorem 12.31 tells us that for any e' > there exists an c(e') such that 
to any integer point (x, y) in the latice: 

< y < (9 - e')x - c(e') 

we can associate infinitely many homeomorphic, non-diffeomorphic almost 
completely decomposable minimal symplectic manifolds which have topo- 
logical invariants {xh,Ci) = {x,y)- Let e' = |e then there exists an c(e') 
with the above properties. Let A^(e) = ^(c(e') + 1). 

Let n,m integer points such that the conditions (1 — 3) in Theorem 11.51 
are satisfied. Condition 3 states the following: 

n < (6 - e)m - N{e) 
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Or equivalently: 





n 
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< 


(6- 
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N{e) 
d 




3n 
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(9- 


3 , m 


3N{e) 




2d 


2d 




3n 
2d 


< 


(9- 




- c(e') - 1 


3n 
2d 


+ 1 


< 


(9- 




- c{e') 



Then [|^] + 1 and ^ satisfy the conditions of Theorem 12.31 hence there 
are infinitely many symplectic manifolds Mj such that cf(Mj) = [|^] + 1 
and ^^(Mj) = ^. Moreover Mj are homeomorphic, non-diffeomorphic 
almost completely decomposable manifolds. The differential structures are 
distinguished by the difference in the Seiberg-Witten basic classes. 

Let: 

Xi = Mi#Sd#kCF'^, k = [—] + !--> -cliMi) 

Then ^(Xi) = ^ and (2x + 3T){Xi) = |. The manifolds Xi remain 
homeomorphic to each other, and using the formula for the Seiberg-Witten 
basic classes for the connected sum we can immediately see that any two 
manifolds are not diffeomorphic. Their universal cover Xi is diffeomorphic 
to dXi^dkCF'^#{d — x 5^) and as Xi are almost completely decom- 

posable, this implies that all Xi are diffeomorphic to X = aCP^^^ftCP^ for 
suitable a, b such that ^^^{X) = m, (2% + 3t){X) = n. 

As Mi^Sd has non-trivial Seiberg-Witten invariants, we can use Theo- 
rem [TTT] to conclude that the manifolds Xi don't admit an Einstein metric. 
Hence their universal cover X does not admit any Einstein metric invariant 
under any of the Z/dZ— actions. □ 

Proof of Theorem \1.6l The proof is again based on the obstruction given by 
Theorem ll.il For constructing our examples we employ Gompf 's techniques, 
[Gom95] ■ and use symplectic connected sum along symplectic submanifolds 
of self-intersection 0. We need some standard blocks of symplectic manifolds. 

The first block, we denote by Xq, and it is the spin symplectic 4- 
manifolds constructed by Gompf (see |Gom95j Theorem 6.2.). Xq has fun- 
damental group G, c1{Xq) = and contains, as a symplectic submanifold, 
a 2— torus of self-intersection 0. 
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The second block, denoted by E{n), is the family of simply connected, 
proper elliptic complex surfaces, with no multiple fibers and Euler character- 
istic xi^i'^T')) = 12n. A generic fiber is a symplectic torus of self-intersection 
0, and it can easily be checked. |GoSt99j . that its complement is simply con- 
nected. 

The third block is the one used by Gompf |Gom95| in the proof of Theo- 
rem 6.1. Let Fi, F2 be two Riemann surfaces of genera k + 1 (fc > 1) and 2, 
respectively. Let Cj, i = 1, . . . , 2A: + 2 be homologically nontrivial embedded 
circles in Fi generating i7i(Fi,Z) and the circles C- C F2, i = 1, ... ,4 be 
the generators of Hi{F2,Z), such that C2i H C2j = C2i-i n C2j-i = if 
i 7^ j and C2i ■ C2j-i = Sj, i, j = 1, k + 1. C[ are also satisfying the above 
conditions. Let Tj be the collection of tori given by Ci x C{, C2 x C3, C3 x 
C2, C4 x C4, Ci X C(, i = 5, . . . , 2A; + 2. We can perturb this collection to 
a new collection of disjoint tori {T/}, where is homologous to Tj. As 
Tj C Fi X F2 is a Lagrangian torus we may choose T/ C Fi x F2 to be La- 
grangian, too. Moreover these tori are also homologically non-trivial, hence 
we can perturb the product symplectic form on Ti x T2, see |Gom95j . such 
that these tori become symplectic submanifolds. Let Xk be the manifold ob- 
tained by performing symplectic connected sum of Fi x F2 and 2k + 2 copies 
of E{2) along the family {T/}.^ ^ 2k+2 generic fibers of E{2). Then the 
manifold Xj. is a spin, symplectic 4-manifold, and by Seifert-Van Kampen 
Theorem it is also simply connected. The numerical invariants of X^ are 
x{Xk) = 52k + 48, r(Xfc) = -32{k + 1). 

The fourth block has a linking role, and it is E{4) with a special sym- 
plectic structure. This manifold has an important feature |Gom95l proof of 
Theorem 6.2]: it contains a torus and a genus 2 surface as disjoint symplec- 
tic submanifolds. We denote them by T and F respectively. Both T and 
F have self-intersection zero and their complement ^(4) \ (T U T) is simply 
connected. 

We are now ready to construct our symplectic manifolds. Let: 

Mj = Xg E{A) #s, X, #s, E{A) #^2 F(2)#pCP, 

where 's are the symplectic sums along tori of self-intersection zero and 
^Sj's are fiber sums along Riemann surfaces of genus 2, represented by 
F C E{4) and one generic {pt} x F2 C Xj. The last operation is simply a 
connected sum and p is a constant satisfying: 

(c?(X,) + 16) > p > ^(c2(Xj) + 16) >0. 
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The fundamental group of Mi can be easily computed by Seifert-Van 
Kampen Theorem to be G. 

To obtain different differential structures on Mj, we take logarithmic 
transformations of different multiplicities along a generic fiber of E{2). Then 
by the gluing formula for the Seiberg-Witten invariants |Par02j (Cor 15,20) 
the manifolds have different Seiberg-Witten invariants. Hence we have con- 
structed infinitely many non-diffeomorphic manifolds. We denote them by 

For fixed i, these manifolds are all homeomorphic. To show this, we can 
first do the logarithmic transformations on E{2), this yields homeomorphic 
manifolds. By taking the fiber sum along a generic fiber with the remaining 
terms we obtain homeomorphic manifolds. 

Theorem 11.11 implies that no Mij admits an Einstein metric. □ 

All the manifolds constructed up to now are non-spin. If we want to 
analyze the spin case that we need to use different obstructions. Such ob- 
struction were found by LeBrun and Ishida. They are, though, for a different 
class of manifolds, which is constructed as connected sums. 

Taubes showed that the Seiberg-Witten invariant vanishes for manifolds 
which decompose as connected sums of manifolds with positive 6^. A refine- 
ment of the Seiberg-Witten invariant defined independently by Bauer and 
Furuta is needed. Using similar estimates and this new invariant Ishida and 
LeBrun were able to prove: 

Theorem 4.1. |IsLe02j Let Xj, j = 1,...,4 be smooth, compact almost- 
complex A-manifolds for which the mod-2 Seiberg-Witten invariant is non- 
zero, and suppose that 

biiXj) = 0, (2) 
b^iXj) = 3 mod 4, (3) 
EU^tiX,) ^ 4 mod 8. (4) 

Let N be any oriented A-manifold with 5^ = 0. Then, for any m = 2,3 or 4, 
the smooth 4-manifold M = i^J^iXj^N does not admit Einstein metrics if 

^ m 

4m-{2x + 3T){N)>-J2cl{Xj). 

Proof of Theorem The manifolds Mj are constructed as connected sums 
and fiber sums of different blocks. 
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For the first block we start with Xq, the spin symplectic 4-manifolds con- 
structed by Gompf. Taking the symplectic connected sum with the elliptic 
surface E{2n) along arbitrary fibers {{pt} x T"^ = Fq C E{2n)) we obtain a 
new symplectic, spin manifold which we denote by Ndn). The elliptic sur- 
face E{2n) that we consider has no multiple fibers and its numerical invari- 
ants are C2{E{2n)) = 24n, T{E{2n)) = -16n, cl{E{2n)) = 0. Moreover the 
complement of the generic fiber Fq is simply connected. Hence the manifold 
Ncin) satisfies the following: 7ri(7VG(^)) = G, cl{NG{n)) = 0, C2{NG{n)) = 
2Ak+24n. Since G is finite, bi{NG{n)) = 0, and b^iNcin)) = A{k+n)-l = 3 
mod 4. 

The second block is obtained from E{2) after performing a logarithmic 
transformation of order 2n + l on one non-singular elliptic fiber. We denote 
the new manifolds by Yn- All Yn are simply connected spin manifolds with 
6^ = 3 and 62 = 19, hence they are all homeomorphic. Moreover, Y^ are 
Kahler manifolds and ci{Yn) = 2nf, where / is the multiple fiber introduced 
by the logarithmic transformation (see |BPV84| ) . Hence ±2n/ is a basic 
class, and its Seiberg-Witten invariant is ±1. 

The third block is a "small" spin manifold, and we used it in the proof 
of the previous theorem, X2. Its invariants are C2{X2) = 152, t{X2) = 
-96, cf (X2) = 16, and 6+ = 27 3 mod 4). 

We may now define our manifolds: 

M„- = X2 # iVcW # 

For fixed i, the manifolds Mij are all homeomorphic as we take connected 
sums of homeomorphic manifolds. We denote this homeomorphism type by 

If we consider the basic classes of the Bauer-Furuta invariant, then both 
a = ci(Xi) + ciiNaii)) + ci{Yj) and b = ci(Xi) + ciiNcii)) - ci{Yj) are 
basic classes. Then 4j | (a — b). But any manifold has a finite number 
of basic classes which are a diffeomorphism invariant. As we let j take 
infinitely many values, this will imply that Mij represent infinitely many 
types of diffeomorphism classes. For a more detailed explanation we reffer 
the reader to |IsLe03j . 

By Theorem 14.11 these manifolds do not support any Einstein metrics, 
but they satisfy Hitchin-Thorpe Inequality. □ 

Proof of Theorem \1.8i We begin by constructing a simply connected, spin 
manifolds with small topological invariants and = 3 mod 4. One such 
manifold is given by a smooth hypersurface of tridegree (4, 4, 2) in CP^ X 
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CP X CP , which we denote by X. Its numerical invariants can be eas- 
ily computed to be cf(X) = 16, C2{X) = 104, b+{X) = 19 and it 
is simply connected. Then by Freedman's Theorem, X is homeomor- 
phic to 4i^3#7(52 x S^). A resuh of Wah |Wa64j tells us that there ex- 
ists an integer ng such that X#no(5'^ x S'^) becomes diffeomorphic to 
4iv:3#7(52 X S'^)#nQ{S'^ x S"^). 

Assuming the notation from the previous theorem, let: 

= X#Yj#E{2n)#Sd 

= X#E{2)#Yj#E{2{2n - 1))#5, 

By Theoren 14.11 the above manifolds do not admit an Einstein metric. 

The manifolds {M^ „ | j G N} are all homeomorphic, but they represent 
infinitely many differential structures. Moreover, if we consider their univer- 
sal cover, m(„ is diffeomorphic to dX#dYj#dE{2n)i^{d - 1){S^ x ^2). But 
Mandelbaum [Ma80] proved that both Yj and E(2n) completely decompose 
as connected sums of K3's and S'^ x S'^^s after taking the connected sum with 

one copy of S"^ x S'^. Hence, for d> hq, the manifold Mf^ is diffeomorphic 
to (i(4K3#7(52 X S^))#d{K3)#d{nK3#{n - 1){S^ x S'^))#{d-l){S^ x S^) 
i.e. to d{n + b)K3#{d{n + 7) - 1){S^ x S^) = Mi,„. 

Remark that the diffeomorphism type of the universal cover does not 
depend on j. Hence on Afi^„ we have constructed infinitely many non- 
equivalent, free actions of Z/dZ, such that there is no Einstein metric which 
is invariant under any of the group actions. But all Mi^n satisfy the Hitchin- 
Thorpe Inequality. 

Redoing the same arguments for the second example M2„, gives us the 
results for the second family of manifolds. □ 
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